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Abstract

For the one-dimensional XXX model under the periodic boundary conditions,
we discuss two types of eigenvectors, regular eigenvectors which have
finite-valued rapidities satisfying the Bethe ansatz equations and non-regular
eigenvectors which are descendants of some regular eigenvectors under the
action of the SU(2) spin-lowering operator. It has been pointed out by many
authors that the non-regular eigenvectors should correspond to the Bethe ansatz
wavefunctions which have multiple infinite rapidities. However, it has not been
explicitly shown whether such a delicate limiting procedure is possible. In this
paper, we discuss it explicitly at the level of wavefunctions: we prove that
any non-regular eigenvector of the XXX model is derived from the Bethe ansatz
wavefunctions through some limit of infinite rapidities. We formulate the
regularization also in terms of the algebraic Bethe ansatz method. As an
application of infinite rapidity, we discuss the period of the spectral flow under
the twisted periodic boundary conditions.

PACS numbers: 75.10/Jm, 02.10.De, 05.50.4+q

1. Introduction

The one-dimensional Heisenberg model (XXX model) under the periodic boundary conditions
is one of the fundamental models of integrable quantum spin systems [1]. Under the spin
SU(2) symmetry any eigenvector of the Hamiltonian is given by a highest weight vector or a
descendant of some highest weight vector. It has been shown by the algebraic Bethe ansatz
method [2] that any regular Bethe ansatz eigenstate of the XXX model gives a highest weight
vector [3, 4]. Let us consider the XXX Hamiltonian under the periodic boundary conditions,

L
J Zq - - -
H= —Z — Oy¢ - Op41 where Or4+1 = O071. (11)
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Here the symbol 6, = (O'[ , aly, oy, ) denotes the spin angular momentum operator with § = 1/2
acting on the £th site of the ring. Let us denote by the symbol S ror the total spin operator:
S tor = Z =1 0¢/2. Then, it is easy to show that the Hamiltonian is invariant under the action
of the SUQ2): [H, S,,,,] =0.

Let us introduce some notation of the coordinate Bethe ansatz [1, 5, 6]. We denote
by x1, x2, ..., xy the coordinates of the M down-spins set in increasing order: 1 < x; <
X < --+ < xy < L. Then, we define the Bethe ansatz wavefunction with M parameters
ki, ka, ..., ky by the following:

P8, xms ki, k) = > AM(P)exp< kajx,) (1.2)

PESM

where the sum is over all the permutations of M letters of the set {1, 2, ..., M} and the symbol
Pj denotes the action of permutation P on letter j. Here the symbol Sy, denotes the permutation
group of M letters. We define the amplitudes Ay, (P)’s of the Bethe ansatz wavefunction by
exp[i(kpj + kp()] +1-2 exp(ikpj)
expli(k; +ke)]+1—2 exp(ik;)

Au(Py=Ce(P) ] for PeSy. (13)

1< j<t<M
Here the symbol € (P) denotes the sign of permutation P, and C is a constant. Let the symbol
|0) denote the vacuum state where all spins are up (M = 0). Then, we construct the following
vector from the Bethe ansatz wavefunction:

[|M) = Z AP xs ki koo oy (0). (1.4)
1<y <x<<xy<L

Here, the summation is over all the possible values of x;’s given in increasing order. We
call the vector ||M) (1.4) with the amplitudes defined by equatoin (1.3), a formal Bethe
vector (or formal Bethe state). We recall that there is no constraint on the M parameters
ki, ko, ..., ky. When they are generic, the formal Bethe state (1.4) is not an eigenvector of
the XXX Hamiltonian.

Now, let us consider the Bethe ansatz equations. They correspond to the periodic boundary
conditions for the Bethe ansatz wavefunction,

expli(k; +k¢)] +1 — 2 exp(ik;)
expli(k; +kg)] +1 — 2 exp(ik)

M
exp(iLk;) = (—D"™' ] for j=1,....,M. (15)

C=1,04]
If all the parameters ki, k», . . ., kys satisfy the Bethe ansatz equations, then the formal Bethe
vector || M) becomes an eigenvector of the XXX Hamiltonian. Furthermore, if the k;’s satisfy
the conditions that k; # 0 (mod2m) for j = 1, ..., M, then we call the eigenvector regular
and denote it by the symbol |M). It is called regular, since it is well defined as an eigenstate
given by the Bethe ansatz wavefunction. In this sense, it is also called a regular Bethe ansatz
state or a Bethe state, in short.

A regular eigenstate can lead to a series of non-highest weight eigenvectors of the SU(2)
symmetry. Let |R) denote a given regular eigenstate with R down-spins. Then, it is a highest
weight vector of the SU(2) symmetry with S;,, = L/2 — R and S}, = L/2 — R. Here we
assume that the number R should satisfy the condition 0 < R < L/2 for regular eigenvectors.
From the eigenvector |R), we can derive a sequence of non-highest weight eigenvectors

(S;,)XIR) for K =1,..., L —2R. We call the series of descendant eigenstates non-regular
and denote them by
I \k
IR, K) = (S:)" IR) for K=1,...,L —2R. (1.6)

KV
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It is remarked that the eigenvectors |R, K)’s are fundamental in the completeness of the
spectrum of the XXX model, although they are called non-regular in this paper.

The main question of this paper is how non-regular eigenvectors of the XXX model are
related to the Bethe ansatz wavefunctions. In fact, it has already been observed by Gaudin
[7] that the non-regular eigenvectors are associated with the Bethe ansatz wavefunction with
several parameters k;’s being equal to zero. Furthermore, it was shown by Takhtajan and
Faddeev [3] that the creation operator B(v) is equivalent to the spin-lowering operator S,
by sending the rapidity v to infinity (see also [8—11]). We note that for the parameter k, the
rapidity v has been defined by the relation exp(ik) = (v +1)/(v — 1); rapidity v is finite if
and only if £ # 0 (mod 27). In spite of the observations, however, it has not been clearly
shown yet whether one can construct the non-regular eigenvector |R, K) from the Bethe
ansatz wavefunctions for the case of general K. In the case of multiple infinite rapidities, the
limit of the wavefunction depends not only on its normalization but also on how we control
the differences among the infinite rapidities. Thus, under a naive limiting procedure, the
amplitudes of the formal Bethe state become indefinite; it can vanish or diverge depending
on the limiting procedure (for example, see [12]). Furthermore, if a set of parameters k;’s
contains multiple zeros, then it is not clear whether the Bethe ansatz wavefunction should
vanish or not. In fact, for any given regular eigenvector, we can show that if two momenta (or
two rapidities) have the same value, then the norm of the eigenvector is given by zero. This
fact is called the ‘Pauli principle’ of the Bethe ansatz wavefunction. Thus, the question has
been non-trivial. In this paper, we make it clear. We show that there exists a certain limiting
procedure through which any non-regular eigenvector of the XXX model is derived from the
formal Bethe state.

Let us briefly explain our derivation of non-regular eigenvectors from the formal Bethe
states. We consider a given regular Bethe ansatz eigenstate |R) with R down-spins. It has R
rapidities vy, vy, .. ., Ug, satisfying the Bethe ansatz equations for R down-spins. For a given
positive integer K, we consider the non-regular eigenstate |R, K). We recall that it has been
defined in equation (1.6) and is derived from |R). Then, we introduce an additional set of the
rapidities Vg4, - . . , Ug+k as follows:

Vrej(A) = A +35; for j=1,....K. (1.7)

Here we call the parameter A the ‘centre’ of the additional K rapidities vg4y, . .., Vg+kx. We
assume that the §;’s are arbitrary non-zero parameters, which can be sent to infinity. Let us
now consider a formal Bethe vector ||R + K) with R + K down-spins that has R rapidities
of the given regular eigenstate |R) (i.e. vy, ..., vg) together with the additional K rapidities
given by equation (1.7) (i.e. vg+1(A), ..., Vpsx (A)). We denote it by ||R, K; A). Then, we
can show that the vector [|R, K; A) becomes the non-regular eigenstate |R, K) by sending A
to infinity:

lim [[R.K:A) = C|R.K). (1.8)

Here C denotes a constant. Thus, the non-regular eigenstate is derived from the Bethe ansatz
wavefunction.

We discuss only regular eigenvectors of the XXX model and their descendants which
we call non-regular eigenvectors. We do not consider other types of solutions in this paper.
In fact, it was shown that the so-called string hypothesis predicts the correct number of
appropriate solutions to the Bethe ansatz equations of the XXX model under the periodic
boundary conditions [1, 13, 14]. Although the hypothesis fails to count the particular type of
solutions, all the known numerical or analytical researches have shown that the total number
of solutions to the Bethe ansatz equations is given correctly [1, 11, 15, 16]. Thus, it is
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conjectured that all the regular eigenvectors and their descendants give the complete set of
eigenvectors of the XXX model. In fact, it is proven that the number of solutions of the Bethe
ansatz equations is given correctly for the XXX model under the twisted boundary conditions
with the generic twisting parameter [17]. It seems that the theorem does not cover the case of
the periodic boundary conditions, since it corresponds to a non-generic point of the twisting
parameter. However, the result of the paper might also shed some light on the mathematical
understanding of the string hypothesis and the number counting arguments in general, as we
discuss in section 4.

The contents of the paper consist of the following. In section 2 we give a formula
describing the action of powers of the spin-lowering operator. Then, through some examples,
we explicitly discuss the derivation of non-regular eigenvectors from formal Bethe states. It
is shown that infinite rapidities do not always satisfy the Bethe ansatz equations, although the
limit of the Bethe ansatz wavefunction satisfies the periodic boundary conditions. In section 3,
we give an explicit proof for the construction of non-regular eigenstates from the formal Bethe
states. In section 4, we briefly discuss two related topics. First, we remark that the formal
Bethe state ||M) is equivalent to the vector generated by the B operators on the vacuum:
B(vy) - - - B(vy)|0) with the M rapidities vy, ..., vy being generic. Then, we show that the
infinite limits of formal Bethe states should be useful when we analyse the spectral flow of
the XXX model under the twisted boundary conditions. Finally, we give some discussions in
section 5. In order to make the paper self-consistent, some appendices are provided. The
formula for the action of spin-lowering operator is proven in appendix A. Some fundamental
properties of the symmetric group are given in appendix B, which are important in section 3.
The ‘Pauli principle’ of the Bethe ansatz wavefunction is explicitly proven in appendix C.

2. Formal Bethe states and non-regular eigenstates

2.1. Non-regular eigenstates

Let us explicitly discuss the action of spin-lowering operator on arbitrary vectors with M
down-spins. For an illustration we consider the case of M = 1. Let |1) denote a vector with
one down-spin,

L
)= gx)o,10) @1

x1=1
where g(x) is any given arbitrary function. By applying the spin-lowering operator

- A
Siot = 2_j=1 0 toit, we have

L L L L
Sl =D 00 Y gog10) =Y > gx)o, 0,10)

)Cz:l )C]:l )Cz:l
= ( E + E )g(x1)<7xl%|0)
I<xij<n<L I<n<y<L

= D (L) +g0n)o 0 0)

1<x <0<l
= Y ( > g(xj))oxlax2|0). (2.2)
I<xp <L \VIKjS2

Here we note that (ax‘)2 |0y = 0.
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We can generalize the expression (2.2). Let us denote by the symbol | M) a vector with
M down-spins:

M) = > g(x1, X2, ..., xp) 0 0, -0, |0) (23)

I<x < <-<xy<L

where g(x1, x2, ..., xy) is an arbitrary function of x;’s. Then, it is clear that any vector with
M down-spins can be considered as a vector | M) with some function g(xy, x2, ..., xp). Now,
we introduce the formula

1

K (Sr;r)K M) = Z ( Z g(xjy, "'*xJ'M)>Gx_1 o 'ax_M»,K|O)'

1< <<k KL\ 1< <y SM+K

(2.4)

We note that the expression (2.2) corresponds to the case M = K = 1. An explicit proof of
formula (2.4) is given in appendix A. In section 2.3, we consider the special case of K = 2
and M = 1, which is given in the following:

1
SE)= X Y stpeoge o)

I<x << <L 13
= > (gl +gn) +g(x3) 0y 0,0,10). 2.5)
1<y <xy<x3<L

Here we note that M + K =1 +2 = 3.

Let us consider a regular eigenstate | R) with R down-spins and the non-regular eigenstate
|R, K) given by equation (1.6). We recall that | R) is a highest weight vector of the SU(2) with
S=L/2—Rand S, = L/2 — R. By applying the formula (2.4) to the definition (1.6) of the
non-regular eigenvector, it is explicitly expressed in terms of the Bethe ansatz wavefunctions,

B . _

IR, K) = > ( > £ )(le,...,ij))le —eop 10). (2.6)
I<x < <xpek SL NI i< <jrSR+K

Here we recall that the function f IEB) (x1, - --xg; k1, ..., ky) is the Bethe ansatz wavefunction

defined in equation (1.2), where the k;’s satisfy the Bethe ansatz equations.

2.2. Amplitudes of formal Bethe states

Let us recall the relation between rapidity v; and parameter ;:

4+'
exp(ikj)zvj 1 for j=1,...,M. (2.7)
i —

In terms of rapidities, the Bethe ansatz equations are given by

v +i\*t M v vp + 21
j j— Ve .
= A S — f =1,....,.M. 2.8
<v4—i) l_[<(v-—vg—2i) orJ (2.8)
J e=10£j >

The amplitudes Ay (P)’s defined in equation (1.3) are given by

Vpj — Upk +2i

Au(P)[vi,...,oml =e(P) [] — 2.9)
1< kM v — v+ 21
Here, the dependence of the amplitude A, (P) on rapidities vy, . . ., vy is explicitly expressed

in the bracket [- - -]. Here we note that the expression (1.3) of the amplitude A, (P) can be
explicitly proven.
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Let us now introduce a useful formula for expressing the amplitudes of the Bethe ansatz
wavefunction. We denote by the symbol H(x) the Heaviside step function defined by
H(x) = 1for x > 0, and H(x) = 0 otherwise. Then, we can show that the amplitudes
Ay (P)’s given in equation (2.9) are expressed by

o —2i H(P~'j—P k)
aupy =[] <w> . (2.10)

1< j<k<M vj—vk+21
We prove the expression (2.10) in section 3.
For an illustration, we consider the amplitudes Ay (P)’s for the case M = 3. Let us
express Ay (P) by Apipa..py. Then, they are glven as follows:

Az =1 Ajpp = ——— Az =
U1—U2—2i Ul—v3—21
Az = - -
v — v+ 21 vy — U3+ 21
U1—U3—2i Uz—v3—21
Az = - -
vy — vz + 21 vy — U3+ 21
v1—v2—2i v1—v3—21 v2—v3—21
A = - ).
v — vy + 21 vy — U3 +2i vy — vz +2i

2.3. Formal Bethe states with additional infinite rapidities

2.11)

Let us discuss some examples of the Bethe ansatz wavefunctions with additional rapidities.
We first consider the case of three down-spins with R = 1 and K = 2, i.e., the formal
Bethe state ||1,2; A). Here, vy and v3 are additional rapidities defined by equation (1.7):
vy = A +8;,v3 = A +5,. We assume that §; and §, are some constants. We recall that v, is
the rapidity of the state |1) and it satisfies the Bethe ansatz equation for M = 1.

Let us denote the difference §; — 8, by A. For simplicity, we assume that §; = —4,.
Then, the additional rapidities are given by v, = A + A/2 and v; = A — A /2. Substituting
the rapidities vy, v, and v3 into the amplitudes in (2 11) we have
v —A—A/2-2i

As(A) =1 As(A A23(A) =
123(A) n(A) = —— u3(A) v —A—A/2+2i
—A—A2— 21 —A+A/2-12i
Axi(A) = i
—A—A/2+2i —A+A/2+20
(2.12)
—A+A/2-21\ (A-2i
Asp(A) =
1—A+Aﬂ+m A +2i
—A—A/2-2i —A+A2=20\ [A-2i
Ani(A) = i i)
—A—A/2+2i —A+A/2+2 A+2i

Let us denote by fr % &) the Bethe ansatz Wavefunctlon for the formal state ||R, K; A). The
Bethe ansatz wavefunctlon of ||1,2; A) is given by

F5 Gerxo, x5 ki ko (M), k3(A)) = Ay expikixy +ka(A)x +ks(A)xs)
+ Az expi(kixr + k3 (A)xa + k2 (A)xs)
+ Ag13 expi(ka(A)xy + kixa + k3 (A)x3)
+ Az1p expi(ks(A)xy + kixa + k2 (A)x3)
+ Az expi(ka(A)xr + k3 (A)xa + kix3)
+ Asnp expi(ks(A)xy +ka(A)xy +kix3) for 1 <x; <xy<x3<L (2.13)
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where ky(A) and k3(A) are given by

. A+A/2+1 . A—A/2+i
kh(A) = —— ks(A) = ——— ). 2.14
exp(ika(A) (A+A/2_i) exp(iks (A)) (A_A/z_i) 2.14)
Sending the centre A to infinity, A — oo, we have k, = k3 = 0 (mod)27 and
Ap3(00) = Ari3(00) = Arzi(00) =1
123(00) 213(00) 231(00) L (2.15)
A132(00) = A312(00) = Az1(00) = -
A+2i1

Therefore, the limit of the Bethe ansatz wavefunction is given by
dim 5 v, stk ka(A), ks (A) = Co (€97 + e 4 &) (2116
—00 ’
where the constant C; is given by
c = (14522 (2.17)
2T A+2i) '

Combining equations (2.16) and (2.5), we obtain the following result:

lim |[1,2; A) = C, > (e i) oio 0 10)
Amroo 1<y <y <x3<L
—\2
=Cy 5 (S,) 1) = C211,2). (2.18)

Thus, we have shown that the limit of the formal Bethe state ||1, 2; A) is equivalent to the
non-regular eigenstate |1, 2). We prove this equivalence for the general case in section 3.

Let us give some remarks on equation (2.18). We see that the limiting procedure depends
on the difference A. If A = —2i, then the constant C, becomes infinite. If A = 0, then the
constant C, vanishes. Thus, the limit of the wavefunction with infinite rapidities v, and v3
depends on how we send them into infinity.

2.4. The PBCs for the limits of the formal Bethe states

The formal Bethe state ||R, K; A) satisfies the periodic boundary conditions (PBCs) after
taking the limit A — oo. In fact, it is clear since the limit gives the non-regular eigenvector
|R, K, which satisfies the PBCs. Here we note that the total spin operator §,m is translation
invariant. However, infinite rapidities do not always satisfy the Bethe ansatz equations.

For an illustration, let us consider the formal Bethe state ||1,2; A). We denote by
£5(x1, x2, x3) the limit of f,5 (x1, x2, x3: k1, ka(A), k3(A)) with A sent to infinity. We see
that it satisfies the PBCs fl(f’zo)(xl, X2, X3) = fl(zo)(xz, x3,x1+L)for1 <x; <x, <x3<L.
Explicitly we have

[5G, x5, 00+ L) = g (el i), (2.19)
Thus, it satisfies the PBCs if and only if the following holds:
exp(ik L) = 1. (2.20)

This is nothing but the Bethe ansatz equation for &, and it does hold from the assumption that
v; is the rapidity of a regular eigenvector |1).

Now let us show that the additional rapidities do not necessarily satisfy the Bethe ansatz
equations, although the limiting Bethe ansatz wavefunction satisfies the PBCs. Let us consider
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the Bethe ansatz equations for three rapidities vy, v, and vs
U1+i L_ U1—U2+21 Ul—U3+2i
vi—i)  \vi—v2—2i) \v —v;—2i
.\ L . .
vy +1 vy — vy + 21 vy —u3+2i
2 : 2 1 : 2 — U3 : 2.21)
vy —1 v, — v — 21 vy — vz — 21

U3+i L U3—U1+21 U3—U2+2i
vi—i)  \vs—vi =21/ \vz—v, —2i/"

Taking the limit A — oo, the three equations are reduced to

.\ L
<$i3 —1 (2.22)
A +2i

<A_ﬁ>=L (2.23)

Equation (2.23) does not hold if A takes a finite value; it holds only if |A| = oo.

3. Proof of the limit of formal Bethe states

In this section we prove the theorem in the following.

Theorem 3.1. Let |R) be a regular Bethe ansatz eigenstate with R down-spins and rapidities

Vi, ..., Ug. We recall that the symbol ||R, K; A) denotes the formal Bethe state with R + K
down-spins, which has the R rapidities vy, ..., Vg of |R) together with additional rapidities
Vr+1(A), ..., Vrek (A). Then, the non-regular eigenstate |R, K ), which is a descendant of R,
is equivalent to the limit of the formal Bethe state ||R, K; A) with A sent to infinity:
lim ||R, K; A) = Ck|R, K). 3.1)
A—o0

3.1. Derivation of the formula for amplitudes Ay (P)’s

We now discuss the derivation of formula (2.10), which rewrites the amplitudes Ay (P)’s
defined in (1.3). Let us recall that H(x) denote the Heaviside step function defined by
H(x) =1forx > 0, and H(x) = 0 otherwise. We show the following.

Lemma 3.1. Let P be an element of Sy; and vy, va, . . ., vy be generic parameters. Then, the
following identity holds:

l—[ UPj_UPk+zi 1—[ <Uk_UJ+21
v — v +2i v — v +2i
I<j<ksm T Uk I<j<kgm N4 Tk

H(P~'j—P k)
) (3.2)

Proof. Let us take a pair of integers j and k with j < k and consider the factor v; — v + 2i
in the denominator of LHS of equation (3.2). For the pair, there exist two integers £ and m
such that P¢ = j, Pm = k. There are two cases either £ < m or £ > m. If £ < m, we have
the factor vpy — vp,, + 21 in the enumerator of the LHS of equation (3.2). Thus, the factors
associated with the rapidities v; and v, cancel each other. On the other hand, if £ > m, we
have vp,, — vp¢ + 2i in the enumerator of the LHS of equation (3.2) and

Upm—UP[+21 Uk—vj+21 (3 3)
v — w42 v — e +2i '
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We can express these results by

A
v — v +2i '
Considering all the pairs j, k with j<k, we establish the equality (3.2). -

Proposition 3.1. The amplitude A y;(P) defined by equation (1.3) for P € Sy can be expressed
as

H(P~'j—P k)
) (3.4)

v — v — 21
Au(P) = S
u(P) l_[ <vj—vk+2i

1< j<k<M

Proof. The amplitude A, (P) defined by equation (1.3) is written in terms of rapidities as
vp; — Upr +21
Au(Py=ep) [] —F—F—r (3.5)
1<jekam VP T Ukt Al
In appendix B, we show the following identity in proposition B.1.
ew(Py= [ (it (3.6)
1< j<k<M

Thus, making use of lemma 3.1 and proposition B.1, we obtain

. -\ H(P~'j—P7 k)
vpj — vpp +2i v — v +2i
AuPry=ep) [ ———o==ep) [] (—1
1<j<ksm Tk 1<j<k<m NI Tk
-\ H(P~'j—P k)
v —u —2i
= J] <7v’__v"+ 2i> 3.7)
I<j<kgm N4 T Uk
O

We give a remark. Using proposition 3.1, we can explicitly prove that the Bethe states
(and also the formal Bethe states) should vanish when there are two momenta of the same
value. The proof is given in appendix C.

3.2. Proof of the limit

Let us take a permutation P on R + K letters (P € Sg+x). We consider the following set:

P Y1,2,...,Ry={P'j| for j=1,2,...,R}. (3.8)
Let us denote the elements of the set by ay, as, ..., ag, where a;’s are set in increasing order:
a; < ay < --- < ag. For the permutation P, we introduce permutation Pg on R letters by

Prm = Pa,, for m=1,...,R. 3.9)

Then, we have the following.

Lemma 3.2. Let Pgr denote the permutation on R letters defined by (3.9) for a given
permutation P on R + K letters. For two integers ji and j, with 1 < ji, jo» < R, the
inequality P~' j; < P~ j, holds if and only if Px~'j; < Pg~' j,. Equivalently, we have

H(P'ji—P 'j)=H (P 'ji — Pr ' o) for 1< ji,j»<R. (3.10)
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Proof. Let us denote P! j; and P~!j, by a,,, and a,,, respectively. Then, by definition, we
have m; = Pg~! j1 and m, = Pr7! Jo». Here we recall that a;’s are set in increasing order.

Thus, we see that a,,, < a,,, if and only if m; < m,, which gives the proof.
O

Similarly, let us introduce a permutation on K letters. We consider the following set:
P YR+1,R+2,....,R+K}={P7 ' for j=R+1,R+2,...,R+K}. (3.11)

We denote by by, by, ..., bk, the elements of the above set. Here we assume that b;’s are
in increasing order: b; < by < --- < bg. We define permutation Px on K letters by the
following:

Pxkm = Pb,, — R for m=1,2,...,K. (3.12)
Then, we can show the following.

Lemma 3.3. Let Pg denote the permutation on K letters defined by (3.12) for a given
permutation P on R + K letters. For two integers j and j, with R+ 1 < ji, j» < R+ K, the
inequality P~'j; < P~ j, holds if and only if Px ~'(ji — R) < Px~'(j» — R). Equivalently,
we have
H(P'ji=P ' jp)=H(Px '(i = R) = Px ' (ja = R))

for R+1<j,p <R+K. (3.13)

Making use of lemmas 3.1-3.3, we now show the following proposition.

Proposition 3.2. Let us consider two positive integers R and K satisfying 0 < K < L —2R.

Let vy, va, ..., Ug be the rapidities of a given regular eigenvector | R) with R down-spins, and
Vr+1(A), ..., Vrek (A) be additional K rapidities which are given by vg,;j(A) = A +§; for
Jj=1,2,..., K. Here §;’s are arbitrary constants. For the Bethe ansatz wavefunction fr.x

with its amplitudes Ar+x (P)’s given by (1.3), we have the limit

All_l:lgo Srex (X5 oo  XRaks ki, oo kR ket (A), Lo ke (A))

= Cx > Trjs o X ks oo kR). (3.14)

I<ji<<jr<R+K

Here kj’s are related to the rapidities v;’s through the relation expik; = (v; +1)/(v; —1), and
the constant C is given by

Cx = Z Ax(P)[81, ..., 8%]. (3.15)

PES[(

Proof. We recall that the Bethe ansatz wavefunction fg.x is given by

R+K
fOn o xrek) = Y Arsx(P)exp (ikajxj). (3.16)
j=1

PeSgrix

Let us take a permutation P in Sg.x. By lemma 3.2 we can show that the amplitude A g.x (P)
of the formal Bethe state is given by

N\ HPlj—Ple
Vj — Vg — 21) ( / )

v — v +2i

Arsk (P)[v1, .., vp, VRt (A), - vrec (M =[] (

1<j<t<R+K

3.17)
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The above product can be decomposed into three parts in the following:

. 1 p-1
1—[ vy —vp —20\TFTO
v, — v +2i N

1<j<t<R+K

-\ H(P~'j—P7 ¢
Uj—U[—21> (P )

<v< — v +2i
1<j<t<r N4 T Ve

Vj — Uy — 2i
x e
H 1_[ ( v — v +2i
1<j<R R+ISE<SR+K
v — v — 21
< I (ved
X vj — Uy +2i
R+1<j<t<R+K
First, we consider the third part of the RHS of (3.18). Making use of lemma 3.3, we have

. —-1;_p-1 . 1 _p-1
l_[ v — v — 2 H(P~'j—P ') B 1_[ Viek — Vesg — 2 H(PS' j—P:'0)
v — v +2i

Vjisr — Vpsp + 21

)H(P'jP‘Z)

H(P~'j—P~'0)
) (3.18)

R+1<j<t<R+K 1<j<t<K
8; — 8 — 20\ 1P PO
= 1—[ (m) . 3.19)
1<tk N0 T
We note that the RHS of (3.19) is nothing but Ax (Pg) [81, ..., 8k]. Second, it is clear that

the second part of the RHS of (3.18) becomes 1 under the limit A — oo. In fact, putting the
additional rapidities into the second part of the RHS of (3.18), we have

N\ H(P~'j—P ¢
Mo o(eedy
v — v+ 21
1<<R R¥1<C<R+K N4 — °F
, v — A — 0, +2i
1< <R RH1<L<R+K

Third, we consider the first part of the RHS of (3.18). We recall that Py is defined for the
given permutation P by the relation (3.9). Then, from lemma 3.2, we have

H((P~'j—P'0)
) (3.20)

v — v —2i HEPT =P v — v —2i HPy~ j=Pa'0
l_[ A — = 1—[ R — 3.21)
. vj — Vg +2i . vj — v +2i
1<j<t<R 1<j<t<R
We note again that the RHS of (3.21) is equal to Ag(Pg) [vi, ..., vg]. Thus, we have
Algfgo Apix(P)[vi, ..., VR, VRt (A), ..., Vpsk (A)]
= Ar(Pr) [v1, ..., vr] x Ag(Pg)[d1,...,8k]. (3.22)
Let us now consider the exponential part of (3.16). We note the following:
R+K R+K R R+K
kajxj = Zk@)(fp—l[ ZZk[xP—lg+ Z kg)Cp—l[. (323)
j=1 =1 =1 (=R+1
Since kg41, - - -, kp+x are approaching to O (mod 2) in the limit of sending A to infinity, we
have
R+K
lim Z k¢(A)xp-i; =0 (mod 27). (3.24)
AHOOZ:RH

Making use of the relation Pgm = Pa,,, we have

R R R
D kexpoie = KpanXp-tegn = ) kpanXa, (3.25)
=1 m=1 m=1



9766 T Deguchi

Thus, we have

R+K
Jim Ageg (P)exp ( X;‘ kp,x,-> = Ax(Pg) [81. ... 8]
J:

R
x Ag(Pg) [1, ..., vglexp (kaRmxam> for P e Spk.  (3.26)
m=1
Finally, we give a remark. To pick up a permutation P on R + K letters is equivalent to
doing the procedures in the following: we take a subset {a, as, ..., ar} of the set of R + K
letters 1,2, ..., R+ K and specify P on R letters and Px on K letters by (3.9) and (3.12),

respectively. Therefore, we have

SRS SIS b 38 6
PeSpik {ay,..., ar)c{l,2,....,R+K} PreSg PxeSk

Thus, we have the relation (3.14), where a,,’s correspond to j,,’s.
It is now clear that we obtain theorem 3.1 from proposition 3.2.

4. Some related topics

4.1. Formal Bethe state and the algebraic Bethe ansatz

Let us explicitly review the connection of the formal Bethe state to the algebraic Bethe
ansatz: the formal Bethe state || M) corresponds to the vector B(A) - - - B(Xj)|0) with generic
rapidities A, ..., Ay. We can define the formal Bethe state also by the algebraic Bethe ansatz
method. Here B(X) denotes the creation operator of the algebraic Bethe ansatz [18, 19].

Let us introduce the symbol fjx = (A; — Ak —2n)/(X; — At) with n = —i. Then,
applying the method of the generalized two-site model [18-20], we can show

M M
[1Bop0y=Fcnh >, > []oolo)
j=1

PeSy 1<x;<<xy <L j=I1

M

X( l_[ fpkpm) exp (ikaij'). (41)
ISa<f<M j=1

where Fi({x;}) is given by Fi({r;}) = @m¥ ]_[;il(kj —E/(x; +1). We note that the

factors [ [, _x<p fpj pi are related to the amplitudes of the Bethe ansatz wavefunctions as

o H(P~'j—P k)
l_[ ijPk=< l_[ fjk) l_[ (m> : : 4.2)

, , , A — =21
1< j<ksM 1< j<ksM 1< j<ksM
Making use of (4.2), we have the connection
B1) - BAm)|0) = [IM) x Fi({x;}) Fa({A;}) (4.3)

where F2({4;}) = []1<;-x<p fik- Thus, the formal Bethe state introduced in equation (1.4)
in terms of the coordinate Bethe ansatz method is equivalent to the Bethe vector with generic
rapidities of the algebraic Bethe ansatz.

We note that the derivation of (4.1) for the cases M = 1 and M = 2 has been discussed
explicitly in [9, 11]. A similar relation with (4.1) has also been derived for the algebraic Bethe
ansatz of the elliptic quantum group [21].
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4.2. Spectral flow under the twisted BCs

We show briefly that the infinite limit of the formal Bethe state is closely related to the spectral
flow under the twisted boundary conditions (TBCs).

Let us consider the XXX Hamiltonian (1.1) for the antiferromagnetic case (J < 0) under
the twisted boundary conditions o7, = 0" exp(£i®), of,, = of. Here the variable ® is
called the twisting parameter. The Bethe ansatz equations under the TBCs [22-28] for real

momenta p;’s are given by

M
Lpj=2nl;+®— Y  O(p;.p) for j=1,..., M. (4.4)
(=1,0#£]
Here I; = (M — 1)/2 (mod 1), and the function ®(p, q) is given by [5]
—1)si —q)/2
O(p,q) = 2tan”" < (=D sin(p = 9)/2) ) . 4.5)
cos((p+¢)/2) — (=1)cos((p — q)/2)
When - < p; < for j =1,..., M, we may assume that the /;’s satisfy |/;| < T} =

(L—M—-1)/2for j =1,..., M. The inequalities have been derived under some physical
assumptions [13, 29]. Here we note that for the antiferromagnetic case, we call momentum k
regular when —m < k < 7.

Let us now consider the case where one of the momenta is very close to —m, i.e., we
assume that pg = —m + € with a very small positive number €. Then, through the expansion

O(-m+e,q) =7 —26+62tan%+ 0(c?) (4.6)

wecanshowthat [y = —(L — M +1)/2=—T, —lande = ®/(L —2M +2) + O(e?). The
solution pg = —m + ®/(L — 2M +2) + O (€?) can be considered as a regular solution, since
it satisfies the condition —m < pg < m. Furthermore, it is clear that py comes close to —m
when & — 0 with ® > 0. Thus, the formal solution py = —x for ® = 0 corresponds to the
regular solution py = — + ®/(L —2M +2) + O(e?) when 0 < ® < 1.

We observe the increase by one for the number of solutions to equations (4.4): there are
2T + 1 regular solutions under the PBCs, while we have 27} + 2 regular solutions under the
TBCs.

Let us introduce an extension of the function ®(p, ¢) of the variable p defined on the
range (—i, 1) into a continuous function defined over (—o0, co) as follows:

—2n+ 1w if p=@@n+1)r foranintegern
E(p,.q) = (4.7)
@(p -2 [BE], q) —2m [B2] otherwise.

Here the symbol [,] denotes the Gauss symbol. We also extend the function ®(p, ¢) with
respect to g through the relation ®(p, g) = —©(g, p). In terms of the extended function, the
Bethe ansatz equations are given by
M
Lp;=2nl;+®— Y  E(p;. ps) for j=1,...,M (4.8)
E=1,0]

where I;’s satisfy [; = (M — 1)/2 (mod 1). We note that for regular solutions which satisfy
—m < p; < m,equations (4.8) are equivalent to the standard Bethe ansatz equations (4.4).

We now show that the number L—M + 1 gives the period of the quantum numbers I;’s.
If we increase by 27 the value of a momentum, say p;,, then through equations (4.8) we can
show the changes of /;’s in the following

Ij1_>IjI+L_M+1 and Ij—>1j+1 for ]#Jl(lgng) 4.9)
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Thus, we may consider only L — M + 1 different values for /;’s suchas — 71 — 1, =T, ..., Ty.

Let us derive the 4w period of the spectral flow under the TBCs with respect to
the twisting parameter & for the state which gives the ground state at & = 0. Here
we note that the 47 period of the spectral flow has been numerically shown in several
papers [24-28]. We first recall that under zero magnetic field, the ground state under
the PBCs is given by the half-filling case: M = L/2. Then, we have 27, + 1 = L/2,

and we have a unique set of real solutions ki, ..., k7, corresponding to Iy, ..., I;,» with
l; = =Ty +j—1for j =1,...,L/2. Let us assume that p;(P)’s are solutions to
equations (4.8) where p;(0) = k; for j = 1,..., L/2. Then, increasing the parameter

@ adiabatically from 0 to 4w, using equations (4.8), (4.6) and (4.9), we can show that
prpdm) — 27 = pi1(0), pi(d4m) = p2(0), ..., pa—22(4m) = pr,2(0). For an illustration,
letus consider the case of L=6 and M =3. When ® =0, wehave Iy = —1,, = 0,and5=1.
Increasing the parameter ® from O to 4, we have I, = 1, I, = 2 and I3 = 3. Replacing p3
with p3 — 27, we have the changes of /;’s such as those shown in equations (4.9), and we
obtain Iy = —1,1; = 0 and I, = 1. Here we note that the period L — M + 1 is given by 6 —3 +
1 = 4. Thus, the set of momenta for ® = 4 is equivalent to that of ® = 0. Therefore, we
conclude that the set of momenta p;(®)’s, which gives the ground state solutions at & = 0, has
the period of 47 for its spectral flow with respect to the parameter ®.

5. Discussions

In this paper, we have explicitly shown that any non-regular eigenvector is derived from the
Bethe ansatz wavefunction with infinite rapidities, for the one-dimensional XXX model under
the periodic boundary conditions. Formula (2.10) for the amplitudes of the Bethe ansatz
wavefunction has played a central role in the proof.

Let us explicitly consider the string hypothesis. It is based on the assumption that the
Bethe ansatz equations (2.8) have complex solutions given in the following:

vg’j=v2+i(n+1—2j)+eg’j for j=1,...,n. 5.1

Here, it is also assumed that the absolute values of the correction terms lex” | should be very
small. The set of complex rapidities vy for j = 1,...,n is called an n-string solution
[1, 13, 14]. The value v}, is called the centre of the string solution. The number 7 is called the
length of the string solution.

Letus discuss formula (2.10) of the amplitudes from the viewpoint of the string hypothesis.
For any given n-string solution, we set the n rapidities in the string in such an order that
v — vk & 2i(k — j) for any j < k with 1 < j, k < n. Then, the value of the amplitude
Ay (P) given by equation (2.10) becomes stabilized and well-defined, since we can avoid the
appearance of any very small factor of O(€) in the denominator of equation (2.10).

Let us discuss the number of solutions to the Bethe ansatz equations for the strings of
length n [1, 13, 14, 29]. Let us define number T, by

1 o
L= (N=1->twM,). 52
(- Ee o

Here M,, denotes the number of string solutions of length m and ¢,,, is given by
tym = 2 min(n, m) — 8,,,.

Under the periodic boundary conditions (® = 0), it is discussed that the number of string
solutions of length n is given by 27, + 1 [13, 14]. We can show that if there are 27, + 2
different string solutions of length n, then all the solutions to the Bethe ansatz equations
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correspond to a complete set of the eigenvectors of the XXX Hamiltonian under the twisted
boundary conditions. The result of the present paper suggests that the K infinite rapidities of
a non-regular eigenvector |R, K') might correspond to a K-string solution under the twisted
boundary conditions. Thus, we have a conjecture that any non-regular eigenvector under the
PBCs of the form |R, K') should correspond to a regular eigenvector with a K-string solution
under the twisted BCs. It seems that the conjecture should be consistent with the result of
[17]. However, a detailed numerical research on K-string with large K’s should be performed
such as that studied in [30].

Finally, we give a remark on a possible application of the result of the present paper to the
XXZ and XYZ models. Recently, it has been shown that under the periodic boundary conditions,
the one-dimensional XXZ Hamiltonian at the ¢ root of unity conditions has the s/, loop algebra
symmetry [31-33]. In fact, we can discuss the spectral degeneracy of the XXZ model at the
root of unity conditions in terms of the algebraic Bethe ansatz method by applying some of
the techniques developed in the paper: combining the expression analogous to equation (4.1)
with the formula of the amplitudes A, (P)’s similar to equation (4.2), we can construct
singular solutions related to the s/, loop algebra [34]. Thus, we can show the validity of the
construction of the complete N-string solutions discussed in [33] in the level of eigenvectors.
We can also prove it by showing that the limits of the Bethe ansatz wavefunctions satisfy
sufficient conditions for the eigenvectors of the XXZ model. Surprisingly, a similar method
can also be applied to the analysis of the spectral degeneracy of the XYZ model addressed in
[31]. The details will be discussed in subsequent papers [34].
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Appendix A. Formula for the action of spin-lowering operator

Letus introduce some symbols. First, we abbreviate the symbol 3 5, . _ - asd> .
Second, for a non-negative integer K, we denote by the symbol }_. .\, .k, the

summation over all the subsets {ji, j2, ..., ju} of {1,2,..., M + K}, where j;’s are set in
increasing order j; < --- < jy. Thus, the two symbols in the following express the same
sum:
> -y A
(il M+KY 1< <ju SM+K

Proposition A.1. Recall that |M) denotes an arbitrary vector with M down-spins defined by
equation (2.3). We denote by |M, K) the vector obtained from |M) multiplied by the power of
the spin-lowering operator:

| DN
(M. K) = 2 (S)" 1), (A2)

tot
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Then, we can show the following formula:

M, K) = Z ( Z g(le,...,ij))axla&---axM”(lO). (A.3)
{Jtseenim

X1 < <XM+K Tlseees yc{l,...M+K}

Proof. We prove the formula (A.3) by induction on K.
(i) We show (A.3) for the case K = 1. Applying S,

o 10 |M), we have

L
SplM) =Yo7 > glxr,....xm)oy, -0y, [0)

y=1 X <-<Xpm
~ y<X| y<xa L
= Z <Z+Z+~-+ Z )g(xl, ...,xM)oy_ox_l-'-ax_MIO).
X <o <Xy y=1l y>x y>Xm
(A4)
We note the following calculation:
~ Y<Xj+1
Z Z g(xy, ...,xM)ay_ox_l-uax_M
X <= <Xy Y>Xj
= Z gWX1y v Xy)O O OO O
X< <X <Y<Xjp < >Xy
= Z g(xla~-~1xj1xj+21~-~1xM+1)0';"‘0'x;,+]- (A'S)
AU (j+Dth,..., Mth
In the last line, we have replaced the symbols y, Xxj.i,... and xp by xj.,
Xj42, ... and xp.1, respectively. Substituting (A.5) into (A.4), we have
SplM)y =" D" (g, .., Xpaer) + 8(x1, X3, .., Xage1)
X<t <Xm+1
+o4+g(xy, X2, .. .,)cM))o;l oy, 10)
= Z ( Z g(le,...,ij))axl-~-JXM+1|O).
Xy < <Xper \{j1senim {12, M1}
(A.6)

Thus, we have the expression (A.3) for the case K = 1.

(ii) Let us assume the expression (A.3) for the case K. Then, we show the case K + 1 in the
following:

L
S, | M, K):Zoy_( Z Z g(le,...,ij)o)c_l'-'aM+K>|0)

y=1 X1 < <Xpsk {fisees i} CLLL ., M+K )

X< <XM+K y=1 y>xp V>XM+K

XY gl a0 oy oy [0), (A7)
{1 jm)c{l,...M+K}
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By a similar method for case (i), we can show the following:

~ Y<Xe41

E E E g(xj, X)) ay’o;l~-~a;M
Xp<-o<Xpek Y>Xe {ji,e jm}C{L .  M+K}

~

= E E g(xj],...,)ch)a)Cl-~-<7M<7’V Oy " Oy,
X <o <X <Y <Xpp] <+ <XM4K {Jtsesjm}C{l ... M+K}

~

> > §(Xji e Xj )OO (A.8)

X<+ <XMaK+1 {J1sees Jmic{l,..., 0042, . M+K+1}

In the last line, we have replaced the symbol y by x4 and €+1,..., M by
£+2,..., M+ 1. Substituting (A.8) into (A.7), we have

S 1M.K)
-y (x y ey
X< <Xpek41 \{J1oeos ju}CT{2,3, 0, M+ K41} {1, i} C{1.3,..., M+K+1} {J1sees imic{1,2,...M+K}
xg(xj, ..., ij)ox_l O |0)
=(K+1) Y ( > g(le,...,ij)>G;~-Ux_M+]|0). (A.9)
Xy < <Xpekal \ Ul m }CUL2, 0, MK 41}
In the derivation of the last line, we note that after selecting M integers ji, j2, ..., ju
fromthe set {1, 2, ..., M + K + 1}, there are (K + 1) ways of choosing one more element

from the remaining K + 1 integers. Thus, we have the factor (K + 1). 0

Appendix B. Some useful properties of the symmetric group

We introduce some notation of the symmetric group [36]. Let M be a positive integer. We
consider the permutation group Sy, of integers 1,2, ..., M. Take an element P of S);. We
denote the action of P onj by Pjfor j = 1,..., M. Let us introduce the symbol (iis - - -i,)
of the cyclic permutation where i; is sent to i j4 for j = 1,...,r — 1 and i, is sent to i;. Itis
known [36] that any permutation P can be decomposed into a product of disjoint cycles,

P = (iiz- i) (ijae - Js) - (Cily - 4y). (B.1)
Here, any two of the cycles share no letter (or integer) in common. The factorization (B.1) is
unique except for order of the factors [36].

For a given permutation P with a factorization of disjoint cycles such as equation (B.1),
we denote by N(P) the sum (r —1)+(s —1)+ - - - +(u —1). Then, we can show that the parity of
the permutation P is equal to that of N(P). Hereafter, we shall denote by the expressiona = b
(mod 2) that integers a and b have the same parity. We first recall that the cycle (iyip---i,)
can be written as the product of r; transpositions,

(irin - ip) = (i) (Urip—1) - - - (1i2).
Thus, the parity of the cycle same as that of r—1. Let us denote by the symbol €(P) the sign
of permutation P. Then, we have [36]

G(P) — (_1)(r—1)+(s—1)+---+(u—1) — (—I)N(P) (Bz)

Let us introduce ordered pairs of integers. We take two different integers j and k and
consider an ordered pair (j, k). We distinguish (j, k) from (k, j). Let us consider the action
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of a permutation on ordered pairs. We take a permutation P of S), and two integers j and k
satisfying 1 < j < k < M. We denote by (Pj, Pk) the action of P on the pair (j, k). If
Pj > Pk, we call that the pair (Jj, k) is transposed by P.

Let the symbol 7(P) denote the number of all such pairs, (j, k), that are transposed by P
among all the ordered pairs (j, k) with the condition 1 < j < k < M. Then, we can show the
following.

Lemma B.1. The parity of an element P of Sy is equivalent to that of the number T(P):
N(P)=T(P) (mod2). (B.3)

Proof. We now prove the lemma based on induction on M of Sy,. It is easy to see that when
M = 2 the statement is true. Let us now assume that equation (B.3) holds for all permutations
P of Sgpif R < M. Let us take an element P of Sy;. Then, we may assume that the permutation P
has a factorization of disjoint cycles such as that shown in equation (B.1). Suppose that P
has the same factorization with equation (B.1). We take a cycle (ijis - - - i,), which is one of
the disjoint cycles, and we denote by B the set {i}, i2, ..., i,}. We also denote by X, the set
of M integers: Xy = {1,2,..., M}. We now consider the subset A of the set X,, that is
complementary to the set B: A = X, — B. We define permutation P, by

Py = Grja--oJs) - (Gila- - Ly). (B.4)
Note that P, is a permutation of A and it does not change any letter in B: P4i; = i; for j =
1,...,r. Thus, we see that 7(P) and T (P4) + (r — 1) have the same parity. Here, we can show

that T ((iyip---i,)) = r — 1 (mod 2) by noting that 7' ((ab)) = 2(b —a — 1)+1 whena < b.
On the other hand, since P, is a permutation of A, it is equivalent to an element of Sy/_,.
From the induction hypothesis, we have that N(P4) and T (P4) have the same parity. Thus,
we have
T(P)=T(Py)+ @ —1) (mod2)
= N(Py)+(r—1) (mod2)
= N(P).

Therefore, 7(P) and N(P) have the same parity.

O
We now have the following.
Proposition B.1. Let P be an element of Sy Then, we have the following identity:
ePy= [ prri=ro, (B.5)
1< j<k<M
Proof. Let us note the following:
T(P) = Z HP'j— P Y%). (B.6)
1< j<k<M
Then, we can show equation (B.5) from the previous lemma and equation (B.2). -

Appendix C. Proof of the ‘Pauli principle’

We give a simple proof for the ‘Pauli principle’ of the Bethe ansatz that when there are two
rapidities of the same value, then the Bethe ansatz wavefunction of the XXX model vanishes.
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We note that it is also proven by the algebraic Bethe ansatz method in [19]. However, the
proof in this appendix is much more elementary; it is only based on the expression (2.10)
of the amplitudes Ay (P)’s. In this appendix, we assume that rapidities v ..., vy are free
parameters.

Let us take a pair of integers @ and b such that 1 < a < b < M. Then, we show that the
Bethe ansatz wavefunction f, A(f) with the amplitudes defined by equation (1.3) (equivalently
by equation (2.10)) vanishes if k, = k; (i.e. v, = vp). Let the symbol (ab) denote the
permutation between a and b. Then, we have

M
Ak k) = Y Ay (P) exp (ikajx,)
j=1

PESM
1

M
= 3 Z Ay (P) exp (i kpj)Cj)
j=1

PESM
1 M
+3 > A((ab)P) exp (iZk((ab)p)ij-). (C.1)
PeSy j=1

Here we have replaced P by (ab)P in the second term. Considering the cases when j = P~ 'a
and j = P~'b, we can show that

M M
kajxj ZkaxP—la+kbe—lb+ Z kpj)Cj (CZ)
j=1 j=1:j#P1a.Pb
M M
Z kiabypyjXj = KabyaXp-1a + kiapypXp-1p + Z kabypjX;
j=1 j=1:j#£P1a,P-'b
M
= kpXp-iq +koXpi, + > kpjx; (C3)

j=l;j#P~1a,P-1b

When k, = k;, = k, we have

1
A Gk ki) = 5 ) (Au(P) + Au((@b) P))

PESM

M
X exp (ik(xpla +xpop) +i > kp,-xj). (C.4)
j=1;j#£P\a,P~'b
We now show that Ay (P) + Ay ((ab)P) = 0 for any P € Sy. Here we introduce the
following symbols:
— Vi — 21

. Vj
e(j k)= -

L H(j,k; P)=HP'j—P k). (C.5)
v — v +2i

Then, the amplitude A, (P) given by equation (2.10) is expressed as
AuPy= [ eG 0H0ED. (C.6)
1< ji<k<M

Let us consider the six cases for the integers j and k in the above product: j = a and
k=b;j<aandk=a;j<bandk=0b, wherej# a;j=>band k > b;j=a and k > a, where
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k # b; j # a and k # b. We have the following:

a—1 b—1 M
Au(P) = e(a, ) r P [Te(, )P T eGP T e, "+
j=1 j=l;j#a k=b+1
M
x [ e@wo™ e m [T e 08P
k=a+1:ksb 1< j<k<M;jka.b
a—1 b—1
= e(a, a)@hP l_[e(j’ a)f1U.a Py+H (b P) l_[ e(j,a)H(]”’;P)
j=1 j=a+1
M b—1
% 1_[ e(a7j)H(b,J:P)+H(a,J:P) 1_[ e(a,j)H(“’];P)
Jj=b+1 j=a+l1
b—1
. NH(jk:P H(a.b;P N H(a,j:P)—H(j.b; P
% 1—[ e(j, k) GEP) — (—1)H@b:P) 1—[ ea, j) (a.j:P)=H(j.b:P)
1< j<k<M; j,k#a,b j=a+l
a—1
. NH(jk: P . \H(j.a:P)+H(j.b:P
% 1—[ e(j, k) (J .k )1—[3(],0) (j.a; P)+H (j,b; P)
1< j<k<M; j,k#a,b j=1
M
% 1_[ e(a7j)H(b,J:P)+H(a,J;P). (C.7)
Jj=b+1
Here we have used the relations e(j,a) = e(j,b), e(a,j) = 1/e(j,a), e(a,b) =
e(a,a) = —1, and so on. In a similar way, we have
b—1
H(b,a; P NH(b,j; P)—H(j.a; P i ) HU kP
Ay ((@b)P) = (=" TT ea, jrtorH=HUaE [T eG.oH0ED
j=a+l 1<j<k<M; jk#a,b
a—1 M
XHe(j’a)H(],a:PHH(],h:P) 1_[ e(a’j)H(b,J;PHH(a,]:P)' (C.8)
Jj=1 j=b+1

Noting the relation H (j, k; P) — 1/2 = —(H (k, j; P) — 1/2), we can show that
H(a,j; P)—H(j,b;P)y=H(P 'a—P'j)—H®P'j— P 'b)
= —H(-P'a+P ')+ H—P 'j+P b

= —H(j.a; P)+ H(®, j: P). (C.9)
Thus, we have
b—1
Au(P) + Ay((@b) P) = (=1)1@H0) 4 (=) CED) TT e(a, e sH=HE=n
j=a+l1
a—1 M
Xne(j’a)ﬂ(j,a:mﬂ(j,b:m 1—[ e(a, j)H@iP+H@.j:P)
j=l1 j=b+1
X I e(j, k)yukP (C.10)

1< j<k<M; jks#a,b
and we obtain

Ay (P)+ Ay ((ab)P) =0 forany P € Sy. (C.11)
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Here we note the following: H(b,a; P) = 0 when H(a,b; P) = 1; H(b,a; P) = 1 when
H(a,b; P)=0.

Following the discussion in the appendix, we can show the Pauli principle of the
Bethe ansatz also for the XXZ model; we redefine e(j, k) by e(j, k) = sinh(v; — vy +2n)/
sinh(v; — vx — 27), where 7 is related to the anisotropy parameter A by A = cosh2n.
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